Bose enhancement of atomic transitions between trap states is an atomic analog of stimulated emission of photons and leads to substantial enhancement of light scattering at small angles. This phenomenon is used to exhibit and explore the statistical mechanics of cold, trapped bosons, and, in particular, the absence of a Bose-Einstein phase transition in the dilute gas limit.
I. INTRODUCTION
The questions of how to recognize a gaseous Bose condensate and what one could do with one are interrelated. One simple and elegant answer to the former was demonstrated last summer [1] . A brief interval of free expansion, with all trapping forces turned off, allows particles from excited levels to spread rapidly, leaving behind, at the center, a much smaller ball of lower momentum atoms that had been in the trap ground state. This was used to demonstrate convincingly that many atoms had, indeed, been in the trap ground state 1 .
However, this procedure neither uses nor demonstrates any further Bose "magic" beyond the existence and rather sudden appearance of a macroscopic ground state occupation.
It is likely that the most important applications of Bose condensed gases will rely on the facts that one has a great many atoms in exactly the same state and one knows (almost exactly) what that state is. However, there are potentially sundry mechanical and optical
properties of such systems that may also prove to be of value [4] . One phenomenon of potential interest that I suggested was that atoms within a trap scatter preferentially into trap states that already have large occupations. Of course, this is precisely what produces a macroscopic occupation of the ground state in the first place. However, it also can be seen in Rayleigh scattering or fluorescence. Photon momentum transfers that correspond to atom trap transitions between significantly occupied states will be enhanced relative to transitions between other states by the factor n i (n f + 1), where n i and n f are the original occupation numbers of the initial and final trap states for the scattered atom. This had been remarked upon previously [5] , but I thought it worth investigating in detail and emphasizing its potential utility [6] .
To make somewhat more realistic estimates than provided by the infinite, homogeneous medium calculation of ref. [6] , one must consider trap wave function overlap integrals and the statistical mechanics of trap level occupations. Both of these are straightforward and even elementary exercises if one neglects the interactions between atoms as a first approximation to a dilute gas. The first surprise upon doing so was something long known in several other contexts [7, 8] but apparently hitherto neglected in thinking about atom trapping and cooling. In the absence of inter-particle interactions, the three standard approaches to equilibrium statistical mechanics are each quite distinct, even in the thermodynamic limit. The equivalence of the statistical ensembles follows, for instance, from a finite compressibility in the infinite volume limit. However, this compressibility vanishes for non-interacting bosons.
In other contexts, e.g. superfluid helium, the interactions are an essential part of virtually all phenomena, and the non-interacting limit is a theoretical pathology, only distantly related to the actual physics.. However, the novel aspect of cold, trapped atoms is that they can form a dilute gas. It is reasonable, therefore, to explore the dilute gas limit, at least as an initial first approximation. In fact, the cold Bose gas is unique as a physically realizable system with inequivalent possible thermodynamic limits.
[Following standard usage, by "thermodynamic limit" I mean letting the total number of particles, N, go to infinity. The standard ensembles are: "microcanonical" in which N and the total energy E are held fixed; "canonical" in which N and the temperature T are held fixed; and "grand" in which a chemical potential µ and T are held fixed. Using T and/or µ as variables means, in principle, that there is a diffusive equilibrium established with a larger energy and/or particle reservoir. One standard meaning for T and µ of an isolated system is derived from the equivalence of the various ensembles in the thermodynamic limit.]
The statistical ensemble that is closest to what is involved in current experiments using alkali atoms in magneto-optical traps is the microcanonical ensemble. The second and biggest surprise from explicit modeling of a trap as opposed to an infinite medium is something that I believe had not been appreciated previously in any context. Specifically, the microcanonical and canonical descriptions of non-interacting bosons in an external trapping potential do not have a Bose-Einstein phase transition [9] . I established this numerically but, I believe, convincingly.
What one means by "phase transition" in the context of a trap or a finite container requires just a little common sense [10, 11] As a consequence, although one may set up a correspondence between the ensembles by identifying the average N with the exact, fixed N and the average E with the exact, fixed E, the fluctuations and expected ground state occupation N 0 are qualitatively different, even as N → ∞. This is in contrast to interacting particles, for whom the differences between the various ensembles vanish as 1/ √ N .
This raises an obvious question. Don't all atoms interact? No matter how weak the interactions, aren't the statistical ensembles equivalent in the thermodynamic limit? The answer is, of course, yes -unless one retains some common sense. We are interested in N = 10 4 or 10 5 to understand recent experiments and perhaps something somewhat or even considerably larger in the future. However, these are all still a long way from N = ∞. For any finite N, one can imagine a trap so large and gas so dilute that the effects of interparticle interactions are negligible compared to the consequences of distinguishing between isolation and diffusive equilibrium. The initial impetus for this investigation was the light scattering question, and it was in that context that the inequivalence of the statistical ensembles became immediately obvious. 
To T (N e ) is the only one of these relations that survives the shift to fixed N, and only so in the limit T ≪ T c , N e ≪ N. It is of interest because it potentially provides a way of measuring T by counting N e , e.g., in fluorescence. At ultra-low T , almost all of the trapped atoms are in the ground state. This has already been achieved experimentally, e.g.,
by the Boulder group's "RF scalpel" [1] , which selectively promotes the escape of excited level particles, leaving the ground state particles relatively unperturbed. The fractional fluctuations of the ground state occupancy are then negligible. However, the ground state acts as a particle reservoir for all the excited states, whose occupancies, number fluctuations, and total energy fluctuations are not especially Bose-enhanced. These can be adequately described by a T and µ.
III. CANONICAL ENSEMBLE
In principle, the statistics of fixed N (and of fixed E) could be derived from the grand canonical partition function were it known with sufficient accuracy as a function if its complex arguments. However, I have as yet been unable to produce or find useful formulae, even for non-interacting particles. Hence, I have resorted to a Monte Carlo numerical calculation.
A Monte Carlo calculation involves literally generating an ensemble of N-particle configurations, distributed according to the relevant statistics. I used the following algorithm. For each N-particle state, N particles were successively assigned at random to energy levels of the three-dimensional isotropic harmonic trap. The relative probability for a particular energy eigenstate was updated after each successive, individual random throw to be the Boltzmann factor times (n + 1), where n is the number of particles already assigned to that single-particle state. This is just an algorithmic representation of the physical process of adding bosons one at a time and letting the system come to thermal equilibrium. Hence, it clearly reproduces Bose statistics because (n + 1) is precisely the Bose enhancement for the probability of a single particle transition into a state already containing n bosons. The degeneracies of the isotropic harmonic potential greatly simplify the bookkeeping; if one is careful, the problem can be formulated completely in terms of energy levels with energies ε and degeneracies 1 2 (ε + 1)(ε + 2) instead of considering all the one-particle trap states individually.
The explicit realization of this algorithm was checked in three limits where the results can be calculated analytically. The case of T large but with the highest allowed energy level strictly limited to be a relatively small number is equivalent to putting N bosons in a set of equally likely states. For modest numbers, this can be worked out by explicit enumeration, e.g., four particles and ten equally likely one-particle states. This was used to The solid curves presented in figure 1 are based on ensembles of at least 600 N-particle configurations for each of at least twelve temperatures for each of the three N's. Because of Bose statistics, the pointwise variances are larger than would be given by Poisson statistics.
Here and henceforth, I estimated the statistical uncertainties by considering subsamples within the ensembles. For example, one can divide the ensemble into two or three subsets and compare the results between them. I thereby estimate that the fractional, pointwise errors in the curves are not greater than ±5%. Since the most interesting issues are the general shape of the curves, their behavior with N, and their relation to the grand canonical description, this 5% is more than adequate. (ε + 1)(ε + 2) single-particle states with energy ε. The dashed curve, E /NT , is the average energy per particle divided by the temperature. The appropriate scale for this quantity is on the right side of the figure. This quantity will be relevant the discussion below of the microcanonical ensemble. The dotted curve is of interest in the later discussion of light scattering. If one writes the energy eigenfunctions in (separable) Cartesian coordinates, the dotted curve represents the fraction of particles whose x-component wave functions are the one-dimensional, single-particle ground state.
IV. MICROCANONICAL ENSEMBLE
In experiments with neutral alkali atoms in magneto-optical traps, great pains are taken to limit the exchange of individual atoms and energy with the exterior environment. While N is neither exactly known nor constant, the experiments are certainly not performed in diffusive equilibrium with a particle reservoir. Hence, a theoretical description at fixed N is closer to the experimental situation than one at fixed µ. There would be no theoretical obstacle to supplying a trap with a particle reservoir although a more feasible realization of a chemical potential would be to consider the large central region of a much larger trap.
That region would be in diffusive and thermal equilibrium with its surroundings. This is why the grand canonical description is precisely the appropriate one for computing densities within large systems defined in this way. Similarly, evaporative cooling gradually reduces E for the system by the escape of individual energetic particles. Thermal energy transfer back and forth with the environment is virtually nil. We will see that fixing T would involve much larger fluctuations in E than actually take place in the carefully isolated current experiments.
Hence, it is the microcanonical ensemble that best describes current experiments.
All the algorithms I invented that generated random configurations of N particles with exactly a particular energy E were prohibitively slow. But, of course, it is an accident of the harmonic oscillator, with its equal level spacings, that it is even possible to consider many N-particle states with exactly the same E. In general, a properly defined microcanonical ensemble must have a narrow interval in energy, defined about a nominal E value. I chose an energy interval of ± 1 2 %, which is much less than the 10%-or-more spread in total energy that arose for fixed, low T in the canonical ensemble but much larger than the trap level
spacing.
An efficient Monte Carlo construction for generating such a microcanonical ensemble begins with the canonical ensemble. For each fixed T , evaluate E . Subsequently, keep only those configurations whose total energies lie within the desired small interval about E . So, for N = 10 2 and 10 3 , I restricted the configuration energies to lie within Hence, I do not replot them here. Nevertheless, this equivalence of the expected occupations is a phenomenon in need of an explanation, given the clearly inequivalent features of the canonical and microcanonical ensembles described below.
For the record, note that the N = 10 3 microcanonical ensemble was simulated by 5400 N-particle configurations distributed among eight different temperatures. I estimated the statistical errors on the one-and two-level occupation expectations to be about 5%. As noted below, the uncertainties are somewhat larger once one subtracts out the "disconnected"
or "uncorrelated" part of the two-level correlations. Conversely, when one combines data from all levels into the E-T relation or the relative scattering rate R, discussed below, the statistical uncertainties are much smaller.
The canonical ensemble configurations have a distribution in energy for each fixed T . In contrast, cold atom traps certainly have energy fluctuations much smaller than ±5%.
The two-level occupation correlations are an essential ingredient in the calculation of the angular dependence of light scattering, and it is these that exhibit a significant difference between the canonical and microcanonical ensembles. In the grand canonical picture, the reduced or subtracted fluctuation correlations take the following simple form:
where n i and n j are the number of particles in states i and j. When N is held fixed and N 0 is large, there is no way that the i = j = 0 fluctuation can be so large. Again, there is a statistically significant difference between canonical and microcanonical.
V. BOSE-ENHANCED LIGHT SCATTERING
A. Infinite, uniform medium A simple idealization that is at least qualitatively relevant to the question of light scattering off a Bose-condensed gas is that of the transition rate per unit time, per unit volume of a plane wave of light in an infinite, uniform gas in the Born approximation [6] . It is a simple task in elementary quantum statistical mechanics to assemble the pieces necessary for the calculation. The underlying photon-atom scattering process can be taken to be isotropic.
(This is a good approximation for small angles and is only altered at larger angles by issues of photon polarization.) The necessary statistical descriptions of the initial and final atomic states are given by the grand canonical ensemble, which is quite simple for non-interacting particles. As mentioned above, the relevant two-level correlations factor into products of expected single-level occupation numbers. Upon folding all these things together, one ends up with a single, one-dimensional integral that must be done numerically for each temperature and scattering angle.
It is simplest to display the results in terms of the following parameters that are natural to the process. T should be expressed in terms of T c , the Bose-Einstein temperature appropriate to the particular particle mass and density [13] . The photon scattering angle, θ, i.e. in a single scattering, is related to the initial photon momentum k and the momentum transfer to the photon, ∆, by ∆ ≃ θk for small angles. It is convenient to express ∆ itself in units natural to the problem, i.e. taking hν/ √ mc 2 k B T c = 1, where ν is the photon frequency. To emphasize the physics of the Bose enhancement, the scattering rate itself is best expressed as a relative rate, i.e. normalized to the scattering rate at large angles. At large angles and, in particular, large momentum transfers, there are no preexisting atoms and, hence, no Bose enhancement. With these choices of parameters, the relative rate R(∆, T /T c ) is independent of any particulars of the system, the latter being absorbed into choices of units and scale.
The results for the interesting parameter ranges for this R(∆, T /T c ) are exhibited in figure 4 . One can establish analytically [6] that despite the presence of a phase transition, R itself is smooth, i.e. it has continuous first derivatives. Nevertheless, there are dramatic changes at sufficiently small angles within a very small interval of T . The limit ∆ → 0 is singular in this plane wave, infinite medium picture because one ends up counting the total number of particles. The only atomic transition that contributes at ∆ = 0 is that of ground-state-to-ground-state. For any ∆ = 0, the large value of R is physical in as much as the system itself is much larger than 1/∆.
If one sent a wide beam through the center of a much larger cloud of Bose-condensed gas, this should be a good picture of what's going on. However, it is reasonable to ask to what extent this behavior is expected for scattering a plane wave off the trapped cloud as a whole.
B. Scattering off trapped atoms
Again I take the underlying photon-atom scattering process to be isotropic. Then the scattering amplitude for a photon to knock an atom from a trap energy eigenstate i to a state f and have its own momentum altered by a momentum transfer δ is proportional to
, where the φ's are normalized, momentum space, oneparticle wave functions. Of course, a single such scattering is an adequate description only if the trap is optically thin, and that will be the working hypothesis. For an isotropic trap, only the magnitude δ is relevant. The photon scattering angle is tan −1 (δ/k), where k is the photon momentum.
It is convenient to do the overlap integrals in Cartesian coordinates with one of the axes aligned with δ. Then, only the integral over that component is non-trivial. For the results presented below, computer algebra was used to do all one-dimensional overlap integrals exactly. (Working with the lowest hundred harmonic oscillator levels is more than adequate for N = 10 3 in the T range of interest. For simulating much larger systems, it may ultimately be necessary to use a stationary phase or WKB evaluation.) The statistical occupation expectations can be organized into sums over the "unobserved" state labels, indexed by the labels that characterize the overlap integrals. The simplest example is plotted with the dotted line in figure 2 . There one sees the expected fraction of particles with n x = 0 in states labeled by n = (n x , n y , n z ), summed over all values of n y and n z . Of course, this function is a more gradual function of T than the expectation for n = (0, 0, 0). Analogously summed two-level correlations must be convoluted (or summed) with the one dimensional overlap integrals over the remaining x-component labels. Hence, the resulting scattering rates are yet smoother functions of T than one might have expected at first. The same smoothing is a work in the grand canonical evaluation of R and accounts for why there are no kinks in figure 4 at T = T c .
The trap itself defines the relevant natural units. As in the earlier sections, all energies and T , as well, should be expressed in units of the harmonic trap level spacing, i.e.hω o = 1,
Likewise, δ should be expressed in natural harmonic oscillator momentum units,
i.e. choose (mhω 0 ) 1/2 = 1.
As before, at large angles, only the 1 in (n f + 1) contributes significantly. Hence, for studying the Bose enhancement, it is still appropriate to define the relative scattering rate R(δ, T ) that is normalized to the rate at large angles. Using elementary quantum mechanics, one can express R as a sum of overlap integrals times statistical level-occupancy correlations.
Light scattering then has two distinct parts. There is diffraction resulting from "recoilless" transitions: all atoms remain in their original trap states; and the relevant amplitudes are added coherently. This coherence is a reflection of the fact that, irrespective of which atom one imagines to have been struck, for a given initial state, all final atomic states are identical. There is also photon scattering in which the struck atom changes state; these add incoherently, even if the atoms are unobserved.
The present calculation was limited to N = 10 3 by practical computer considerations in generating microcanonical level-occupancy correlations. Since the hardware and software used were comparatively primitive, simulation of a larger system should be quite feasible.
Note, however, that there is ample evidence that N = 10 3 is already sufficiently large to draw interesting qualitative conclusions. If an analytic solution of the problem does not prove to already or soon exist, perhaps the first piece of theoretical progress will be an understanding of the scaling with N at large N, e.g. such as the suggestive N −1/6 mentioned in the discussion of figure 1 . Support for the contention that N = 10 3 can already be considered "large" is given by the fact that the canonical ensembles for N = 10 4 , 10 3 , and 10 2 are qualitatively quite similar, as are the microcanonical ensembles for N = 10 3 and 10 2 .
The microcanonical evaluation of the photon scattering rate (in the Born approximation) normalized to its value at large angles, R(δ, T ), is given in figures 5 and 6. The scattering rate presumably has even further though less dramatic structure, although not well-resolved by my eight discrete T values. Since T is not very much greater than the level spacing, the discrete nature of the spectrum should be manifest in R. The most prominent of these minor features is presumably a demarkation within the incoherent scattering of the lower energies dominated by ground-to-excited-state transitions from somewhat higher energies dominated by the sum of excited-to-excited-state transitions.
C. Free expansion
Allowing the gas a period of free expansion, with all trapping forces removed, before illumination, is an effective means of visualizing a combination of position and momentum space information [1] . However, this procedure limits the Bose enhancement to smaller and small angles as time elapses. Of course, the forward diffraction peak is limited to increasingly smaller angles as the cloud grows. But in addition, different momenta become spatially separated. Hence, when a photon changes an atom's momentum by a small amount δ , there may no longer be any atoms of similar momenta nearby. This is reflected by the appearance of an additional factor exp(
where t is the elapsed, free-expansion time. The increasingly rapid oscillations diminish the overlap with increasing t.
VI. DISCUSSION
The inequivalence of the statistical ensembles for free particles is not new; it is implicitly explained in elementary textbooks. The infinite compressibility of the non-interacting system allows arbitrarily large particle number fluctuations if there is a particle reservoir, while either fixing the total number or including a repulsive interaction will limit these fluctuations.
The most unsatisfactory feature of the novel element of this discussion, the disappearance of the phase transition, is that it rests solely on numerical calculations. This has two related unfortunate consequences. First, the phenomenon still warrants an explanation beyond saying that fixing N drastically reduces the ground state fluctuations and it is these fluctuations that drive the transition. More importantly, the microcanonical description of an interacting Bose liquid presumably has a phase transition at large N. The way this transition appears or disappears in the N-E-coupling space must await a more powerful analysis and deeper understanding. It would certainly be important to know whether with increasing trap size the transition appears at a particular energy or moves in from T = ∞ for fixed large N. 
